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Abstract 
With the semi-direct product of two groups, several schemes for designing interconnection networks with constant 
degree are unified under a general framework in this paper theoretically. A new family of Cayley graph, called CSC(q, 
p, l, k) is introduced on this general framework, which shows a better scalability. We have verified that CSC(q, p, l, k) 
includes some well-known significant multistage interconnection networks as its subclasses, for example, Cube-
Connected Cycles (CCC), the k-degree Cayley graph recently proposed, the new three degree network and Star-
Connected Cycles (SCC). This work can induce computer designers to obtain desired networks by a proper choice of 
parameters which is attractive for some applications which are built on large scale networks. Secondly, this unified 
framework of Cayley graph can avoid to repeatedly exploit some “new” interconnection networks. 
© 2011 Published by Elsevier Ltd. 
Selection and/or peer-review under responsibility of [CEIS 2011] 
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1. Introduction
In past several years, some muiltstage networks have been proposed as the models of interconnection
network, including some well-known networks like Cube-Connected Cycles (CCC), Butterfly graph 
(BF(n)), the k-degree Cayley graph recently proposed in [1], and the new three degree network introduced 
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in [2]. Noticeably, these constant degree networks can also be seen as Cayley graphs related to 
permutation group. These networks are built by a way of product operation on existing topologies so 
CCC(n) and BF(n) are classified as the Multistage Cayley graph [7] or product networks [8]. A survey of 
this class of network can be found in the literature [7] and [8]. We call the original graph from which the 
multistage graph is derived as basis graph. The examples of constructing multistage networks by a non-
algebraic method include Super Star[9] [10] [11]，Hierarchical star [12], and Optical transpose interconnect 
system (OTIS) networks [13]. The rest of this paper is organized as follows. Section 2 introduces a number 
of necessary definitions. In Section 3, we present an unified framework for designing multistage constant 
degree interconnection network by the use of the semidirect product of groups. In Section 4, A multistage 
Cayley graph, called CSC(q,p,l,k), is introduced and its key properties are discussed. We give some 
conclusions and future research cues in section 5. 
 
2. Definitions 
Let X be a digraph and V(X) denote its set of vertices and E(X) its set of edges. We will use uv rather 
than (v, u) to denote an edge. If uv is an edge it is said that u and v is adjacent and denote this by u~v. A 
set of elements S in a group G is a generating set if every element g of G can be written as g = s1·s2·…·st 
with si∈S. The Cayley graph C(G; S) of a group G and a generating set S is a graph whose vertices are 
the elements of G, and where (g, h) is an edge if g·s = h for some s∈S. An action of a group K on a group 
H is a group homomorphism: K→Aut(H) in which each element k∈K corresponds to an automorphism 
φ (k) of H, with φ (k1·k2)= φ (k1)φ (k2). Assume a group K acts on a group H. The semidirect product H ⊗
K is a group whose elements are pairs (h; k) where k∈K and h∈H. The operation of this group is defined 
as (h1, k1) (h2, k2) = (h1(k1)( h2), k1k2). The orbit of an element h∈H under the action of K  is the set 
{θ k(h) |  k∈K }. Suppose the generating sets of K and H are SK and SH respectively, where |K| = SH. 
Further, suppose that K acts on H in such a way that SH is the union of orbits of m elements h1, h2, … , hm. 
Then S= (1; SK)∪{( h1, 1)∪( h2, 1)∪…∪( hm, 1)} generates H ⊗ K, and C(H ⊗ K; S) is called a 
semidirect product network (SDP) of K and H. The wreath product HK is a particular semidirect product 
of Hn by K, with the group multiplication defined as (k, h)(k*, h*) = (kk*, θ (k*) (h) h*), where k* acts on 
h=(h1, h2, … , hn) according to θ (k*) (h) = (hk*(1), h k*(2), … , h k*(n)) .  Let 1 denote the identity elements of the 
different groups if no confusion arises. A mapping φ from V(X) to V(Y) is a homomorphism if φ (u)~ φ (v) 
in Y whenever u~v in X. If φ is bijection such that u~v if and only if φ (u)~ φ (v) then φ is an isomorphism 
from X to Y. The 3-degree Cayley WGn(see [2]) is with 2nn! vertices, each of them is identified with a 
permutation of n elements 1 2 ... nt t t
∗ ∗ ∗ , in which i it t
∗
= or it . The vertex identified with a1a2…an is adjacent to 
three neighbors a2a1…an, a2a3…an 1a  and na a1a2…an-1. A k-degree Cayley graph Gk, n is an undirected 
graph (see [1]) with n(k-1)n nodes for any integers n ≥ 2 and k≥ 3. Each vertex v  of Gk, n is described as a 
string of n symbols t0t1…tm-1 mt tm+1 tntm with each symbol selected from 0,1,…,k-2 such that exactly one 
symbol sm, 0 m n≤ <  is in marked form and the others are in unmarked form. The edges incident to node 
v are generated by k generators f, f-1, g1, g2, …, gk-2  defined as f(v)= t1, t2, …tm-1 mt tm+1…tn((t0+1)mod(k-1)),
f-1(v)= ((tn-1-1)mod(k-1)) t0t1, …tm-1 mt tm+1 … tn-2 and gi(v)= t0t1, …tm-1 mt tm+1 … tn-2((tn-1+i)mod(k-1)),
1 ≤ i ≤ k-2, respectively. The star graph is a Cayley graph[7] with a set of vertices consisting of n! 
permutations of n given symbols and with a set of n-1 generators g2, g3,…, gn, where gi is the 
transposition of the symbol in the i-th position with the one in the first position, gi=<1, i>. Star Connected 
Cycle SCC(n)[3] is a multistage network in which all vertices of a star graph are replaced by a circle with 
length (n-1)，Latifi et al [3] have proved that SCC(n) is a Cayley graph with 1n−Z × Sn as its vertex set and 
Scircle∪Sstar as the generating set. Where Scircle={(1,1
nS
, 0l), (-1,1
nS
, 0l)} and Sstar = {(0, g12, 0l)}. 
Finally, we introduce the well-known Cube Connected Cycle network with constant degree, called 
CCC(n). Let q¢ and 
q
k¢ denote the k order circle group and the basic abelian group respectively and 
define the group action of q¢  on 2
q¢  according to ϕ(k)  (h1, h2, … , hq) = (hωk (1), hωk (2), … , hωk (q)),  where 
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ω=(23...n1) . Let G= 2q qϕ⊗ⅱ andS={(1, 0q), 0, 1, 0q-1 }，then q-dimension Cube Connected Cycle, 
CCCq, is defined as a Cayley graph C(G, S), which has been applied several computing fields including 
P2P, grid computing and parallel computing. 
Continuous exploiting of new network structure leads to a diversification of network topologies. But 
redundant research works maybe be undergone. For example, R. Melhem in [4] presented a “new” 
networks called LDN and discussed its many desired properties in the famous international journal “IEEE 
transaction on computer ” but Xiao [5] gave some comments to this paper and discovered this “new” 
network has practically existed as a known Cayley graph and the research by Xiao et al has been accept 
by the same journal. This implies that a unified construction of multistage network is necessary and 
meaningful to avoid some redundant research works. 
3 . Modeling Several Multistage Networks with Unified Cayley Construction 
We now start to construct our objective network CSC(q p,l,k), initiating from introduction of some 
necessary concepts of group theory. Let Sn be the symmetry group on (123...n)  and < i1, i2, …ik> be a k-
circle permutation which permutes ij-1 into ij. Let σ=<23...n > and K< σ > denote the circle group 
generated by σ. Firstly we define a map θ from 1n－Z  to ( )nAut S  which satisfies : ( )( ) i iiθ θ π σ πσ −= , 
1ni∈ －Z  nSπ ∈ . Obviously, θ is a group homomorphism and K acts on Sn by it. The elements of semi-
direct product 1n nS θ −⊗ Z  are with forms ( , )i π  and its group operation is defined by 
1 2( , )( , )i jπ π = 1 2( , )
j ji j σ π σ π−+ .Secondly, we define a mapping φ  from qZ  to ( )qnAut Z  as the group 
action of the semi-direct product qq nφ⊗Z Z  φ: φ (i)  (h0, h1, … , hq-1)= (hq-i, hq-i+1, …, h0, h1, … , hq-i-1). 
Finally, the third mapping ψ  from qS  to ( )qkAut Z  is defined as ψ (π) a ψπ,  ψπ(h1, h2, … , hq)= (hπ (1), 
hπ (2), … , hπ (q)). Then ψ  is a group action from Sq to qkZ . For constructing CSC(q,p,l,k) as a Cayley graph 
C(G, S), Let ( , , )lq p kG S= Z Z  and its group operation, denoted with “*”, is defined as 
1. If 1, ,q p q l p l≠ − ≠ ≠ ，then mark "*"  as " "× , and define it as 
(r1, π1, x1)×  (r2, π2, x2)= (r1+ r2, π1π2, x1+ x2)                                   (1) 
2. If 1q p l= =－ ，then mark “*” as “*CSC”, and define it as 
(r1, π1, x1)*CSC (r2, π2, x2)= (r1+ r2, θ (r2)(π1)π2, φ (r2)( x2) + x1)       (2) 
3. If 1q p l≠＝ － ，then mark  “*” as *CS”, and define it as 
(r1, π1, x1)*CS (r2, π2, x2)= (r1+ r2, θ (r2)(π1)π2, x2 + x1)                     (3) 
4. If 1q p p l≠ =－， ，then mark  “*” as *SC”, and define it as 
(r1, π1, x1)*SC (r2, π2, x2)= (r1+ r2, π1π2, ψ (π2)(x1) + x2)                   (4) 
5. If 1q p q l≠ =－， ，then mark  “*” as *CC”, and define it as 
(r1, π1, x1)*SC (r2, π2, x2)= (r1+ r2, π1π2, φ (r2)(x1) + x2)                     (5) 
Following theorem will show G constitutes a group with group operation “*”. 
Theorem 1.  G  is a group with group operation “*”. 
Proof： It is obvious that the direct product of semi-direct product of any two groups in { pZ , qS , lkZ } 
and remaining one is a group. For example ( 1p−Z ⊗ Sp, 
l
kZ ) is a group. By this we know G is always a 
group with group operation defined by formulas, (3), (4) and (5)；The group operation defined by (1) is 
the Cartesian product of two groups and G is certainly a group with it as operation. We start to prove G 
forms a group with the operation defined by the equation (2). Firstly,  G=( qZ ⊗ Sp, 
l
kZ ) is closed. 
Following, we show that the associative law holds in G. Let r(x2) denote a new string resulting from 
rotating left the symbol string x2  r bits. We have ((r1, π1, x1)*CSC (r2, π2, x2)) *CSC (r3, π3, x3) = (r1+ r2, 
θ (r2)(π1)π2, φ (r2)( x2) + x1) *CSC (r3, π3, x3)= (r1+ r2+ r3, θ (r3)(θ (r2) (π1)π2) π3, φ (r3)(φ (r2) (x1) + x2) +
x3)= (r1+ r2+ r3, σ r2+ r3π1 σ -r2π2σ -r3π3, (r2+ r3) (x1) + r3(x2) + x3)                  (6) 
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On the other hand, it holds (r1, π1, x1)*CSC ((r2, π2, x2) *CSC (r3, π3, x3)) = (r1+ r2, θ (r2)(π1)π2, φ (r2)( x2) +
x1) *CSC (r3, π3, x3)= (r1+ r2+ r3, θ ( r2+ r3) (π1)(θ (r3) (π2)π3) , φ (r2+ r3) (x1)+(φ (r3) (x2) + + x3)= (r1+ r2+ r3, 
σ r2+ r3π1 σ -r2π2σ -r3π3, (r2+ r3) (x1) + r3(x2) + x3)                                   (7) 
Together (6) with (7) we conclude the associative law is true in G. It is easy to prove that (0, 1, 0q) is 
the identity element of G. Finally, we can certain the reverse of any element ( , , )r xπ  by following 
equation (r, π, x) (-r, θ (-r)π−1, φ (-r) (-x))= (r-r, θ (r)π θ (-r) π−1, φ (-r) (x)+ φ (-r) (-x))= (0, σ rπσ−rσ−rπ−1σrθ (-
r), φ (-r) (x-x))=(0, 1, 0q) which confirms that (-r, θ (-r)π−1, φ (-r) (-x)) is the reverse of the 
element ( , , )r xπ . Now, we define a family of Cayley graph, CSC(q,p,l,k), as following. 
Definition 1. (CSC(q,p,l,k)) Let ei(j) denote a vector with j as its i-th component and 0 as other entries, 
g12 denote the transposition <12> in Sn . Then CSC(q,p,l,k) is a Cayley graph C(G, S) in which S is with 
form S= Scircle ∪ Sstar ∪ Scube, where Scircle, Sstar and Scube are decided by following ways. 
1. if the group operation of G is marked by “× ”, then Scircle={(1, 1
nS
, 0l), (-1, 1
nS
, 0l)}, Sstar={(0, g12, 
0l), (0, σ, 0l), (0, σ−1, 0l)}, Scube={ 11 1
l k
i j= =∪ ∪
－ (0, 1
nS
, ei(j))}. 
2. if the group operation of G  is marked by “*CSC”, then Scircle={(1, 1
nS
, 0l), (-1, 1
nS
, 0l)}, Sstar={(0, 
g12, 0l) }, Scube={ 11
k
j=∪
－ (1, 1
nS
, ei(j))}. 
3. if the group operation of G  is marked by “*CS”, then Scircle={(1,1
nS
, 0l), (-1, 1
nS
, 0l)}, Sstar={(0, g12, 
0l) }, Scube={ 11 1
l k
i j= =∪ ∪
－ (0, 1
nS
, ei(j))}. 
4. if the group operation of G  is marked by “*SC”, then Scircle={(1, 1
nS
, 0l), (-1, 1
nS
, 0l)},
Sstar∪ Scube={(0, g12, 0l), (0, σ, e1(1)), (0, σ−1, er (1))}. 
5. if the group operation of G  is marked by “*CC”, then Sstar={(0, g12, 0l), (0, σ, 0l), (0, σ−1, 0l)},
Scube∪ Scircle ={(1,1
nS
, e1(1)), (-1, 1
nS
, e1(-1)), 11
k
j=∪
－ (0, 1
nS
, e1(j))}. 
4.   Some Properties of CSC(q, p, l, k)
Following theorem will show that the Cayley graph G defined above is useful; for the reason of 
CSC(q,p,l,k) containing 3-degree Cayley graph WGn and k-degree Cayley graph Gk,n as its subclass. 
Furthermore, we show that the Cube Connected Cycle CCCq and the Star Connected Cycle can also 
described as special forms of CSC(q,p,l,k). 
Theorem 2. CSC(n, 0, n, k-1) ≅  Gk, n  and CSC(0, n, n, 2) ≅ WGn 
Proof: It is known that Gk,n is a Cayley graph, with the set of vertices {t0t1... mt …tn-1|0 ≤ m ≤ (n-1), 
0 ≤ ti ≤ k-1} and the generating set {f, f-1,g1, g2, …, gk-2}. Each vertex in CSC(n,0,n,k-1) can be presented 
by an element h=(r, x) of subgroup H=( nZ , 1
n
k−Z ) of G. In practice, it is not difficult to prove that there 
exists a isomorphism 　 mapping H to the semi-direct product of 1nk−Z  and 1nk−Z  with φ as the operation 
of wreath product, namely, H ≅ 1
n
k−Z φ⊗ nZ . Those edges incident to the vertex v of CSC(n,0,n,k-1) are 
only generated by entries of Scube∪ Scircle which is mapped to a generating set cubecircleS
τ under the action of 
φ concretely, we have cubecircleSτ ={(1, e1(1)), (-1, e1(1)), (0, e1(i)|1 ≤ i ≤ k-2}. Let η be a map from the set of 
vertices of CSC(n, 0, n, k-1) to the one of Gk,n, η is defined by η : (r, t0t1…tr-1tr tr+1… tn-1 )  →  t0t1…tr-
1 rt tr+1… tn-1. It is easily known that η is a 1-1 mapping. Next, we certify that η keeps the adjacent relation 
among vertices of CSC(n, 0, n, k-1) so as to show that η is a graph isomorphism.  
Assume that node u is adjacent to v in CSC(n, 0, n, k-1)，with u = (r, t0t1…tn-1 )  as the identifier of u 
then η (u ) = t0t1…tr-1 rt tr+1… tn-1. If the edge (u, v)  is generated by an element (1, e1(1)), then v = (r+1,
(tn-1-1)t0t1…tn-2 )  and η (v) =(tn-1-1)t0t1… rt …tn-2 = f-1(η (u ) ) which shows that (η (v) ,  η (u ) ) is an edge 
of graph Gk,n. In the case of edge (u, v)  being generated by (-1, e1(1)), we have the same conclusion by a 
similar procedure. If (u, v)  is generated by (0, e1(i), then we have v = (r, t0t1…tn-2 (tn-1+i))  and η (v)  =
t0t1… rt …tn-2 (tn-1+i) = g
i(η (u ) ), (η (v) ,  η (u ) ) is an edge of Gk,n. A reverse procedure can prove if (u, v)  
is an edge of Gk,n, then (η (v) ,  η (u ) ) is an edge of CSC(n,0,n,k-1). Thus it holds CSC(n,0,n,k-1) ≅  Gk,n. 
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For proof of the second conclusion, let S = {(<12>, 0, 0, …, 0), (<123…n>, 0, 0, …, 0, 1), (<n(n-1)…21>, 
1, 0, 0, …,0),};  then by the result from the reference [2], we have '2( , )
n
nC S Sψ⊗Z ≅ WG. On the other 
hand, the generating set of the graph CSC(0, n, n, 2), Sstar∪ Scube, satisfies Sstar∪ Scube = 'S . Therefore it 
follows CSC(0, n, n, 2) ≅ WG. 
Theorem 3. graph CSC(n, 0, n, 2) ≅ CCCn. 
proof：The set of vertex of graph CSC(n, 0, n, 2)is 2n nφ⊗Z Z  and whose edge set is only generated by 
the entries of Scube∪ Scircle = {(1, e1(1)), ( − 1, el( − 1)), (0, el(1)) }, which generates the set of edge being 
same as one of CCCn. 
Theorem 4. graph CSC(n-1, n, 0, 0) is isomorphism to Star Connected Cycle SCC(n). 
Proof: because CSC(n-1, n, 0, 0) has the same set of vertex and generating set with SCC(n)[20], so the 
conclusion becomes clear. 
 
5. Conclusion 
Several Multistage interconnection networks are formulated as a family of Cayley graph in this paper 
to  make them desirable as high performance interconnection networks for parallel and distributed 
computation, furthermore, to avoid some redundant research works. Work in progress includes expand 
this unified model to include more multistage networks. Future research is to pursue Corresponding 
routing algorithms and topology properties. 
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